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We shall refer here to some symmetric and homogeneous means as follows.
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Recently, the inequalities for means have been the subject of intensive research. Many remarkable inequalities can be found in the literature \[[@CR5], [@CR7], [@CR9], [@CR14], [@CR15], [@CR17], [@CR20]\].
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Lemmas {#Sec2}
======

To establish our main results, we need several lemmas, which we present in this section.
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$\sinh ^{ - 1}(x)$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$\tan ^{-1}(x)$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}${\tanh ^{ - 1}}(x)$\end{document}$ are presented: $$\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \sin ^{ - 1}(x) = x + \frac{{{x^{3}}}}{6} + \frac{{3{x^{5}}}}{{40}} + \cdots = \sum_{n = 0}^{\infty }{\frac{{(2n)!}}{{(2n + 1){2^{2n}}{{(n!)}^{2}}}}} {x^{2n + 1}}, \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \sinh ^{ - 1}(x) = x - \frac{{{x^{3}}}}{6} + \frac{{3{x^{5}}}}{{40}} - \cdots = \sum _{n = 0}^{\infty }{\frac{{{{( - 1)}^{n}}(2n)!}}{{(2n + 1){2^{2n}}{{(n!)}^{2}}}}} {x^{2n + 1}}, \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \tan ^{-1}(x) = x - \frac{{{x^{3}}}}{3} + \frac{{{x^{5}}}}{5} - \cdots = \sum _{n = 0}^{\infty }{\frac{{{{( - 1)}^{n}}}}{{2n + 1}}} {x^{2n + 1}}, \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& {\tanh ^{ - 1}}(x) = x + \frac{{{x^{3}}}}{3} + \frac{{{x^{5}}}}{5} + \cdots = \sum _{n = 0}^{\infty }{\frac{1}{{2n + 1}}} {x^{2n + 1}}. \end{aligned}$$ \end{document}$$

Lemma 2.1 {#FPar1}
---------
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$x \in (0,1)$\end{document}$.

Proof {#FPar2}
-----

Let $$\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& g(x) = {\tanh ^{ - 1}}(x)\sqrt{1 - {x^{2}}} - \biggl(x - \frac{1}{6}{x^{3}}\biggr), \end{aligned}$$ \end{document}$$ then $$\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
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                \begin{document}$$ g'(x) = \frac{1}{{\sqrt{1 - {x^{2}}} }}h(x), $$\end{document}$$ where $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$h(x)=1 - x{\tanh ^{ - 1}}(x) - \sqrt{1 - {x^{2}}} (1 - \frac{1}{2}{x^{2}})$\end{document}$. Noting that, for any $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$x\in (0,1)$\end{document}$, $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \begin{document} $$\begin{aligned}& \sqrt{1 - {x^{2}}} > 1 - \frac{1}{2}{x^{2}} - \frac{1}{2}{x^{4}}, \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& {\tanh ^{ - 1}}(x) > x + \frac{1}{3}{x^{3}}, \end{aligned}$$ \end{document}$$ we can get $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} h(x)&< 1 - x\biggl(x + \frac{1}{3}{x^{3}} \biggr) - \biggl(1 - \frac{1}{2}{x^{2}}\biggr) \biggl(1 - \frac{1}{2}{x^{2}} - \frac{1}{2}{x^{4}}\biggr) \\ &= - \frac{1}{{12}}{x^{4}} - \frac{1}{4}{x^{6}} < 0. \end{aligned}$$ \end{document}$$ It follows from ([2.7](#Equ30){ref-type=""}) and ([2.10](#Equ33){ref-type=""}) that $$\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$ g'(x)< 0 $$\end{document}$$for $\documentclass[12pt]{minimal}
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$x\in (0,1)$\end{document}$. Considering $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$g(0) = 0$\end{document}$, then we have $\documentclass[12pt]{minimal}
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                \begin{document}$g(x)<0$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x\in (0,1)$\end{document}$. That is, $$\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document}$$ {\tanh ^{ - 1}}(x)\sqrt{1 - {x^{2}}} < x -\frac{1}{6}{x^{3}} $$\end{document}$$for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
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                \usepackage{amssymb} 
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                \usepackage{upgreek}
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                \begin{document}$x\in (0,1)$\end{document}$.

Considering ([2.3](#Equ26){ref-type=""}), we have $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \tan ^{-1}(x) \bigl(1+x^{2}\bigr)&=x+\sum _{n= 1}^{\infty }{(-1)^{n+1} \frac{2}{(2n-1)(2n+1)}{x^{2n + 1}}} \\ &=x+\frac{2}{3}{x^{3}}-\frac{2}{15}{x^{5}}+ \frac{2}{35}{x^{7}}-\cdots \\ &< x+\frac{2}{3}{x^{3}} \end{aligned}$$ \end{document}$$ for $\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x\in (0,1)$\end{document}$.

Therefore, it follows from ([2.12](#Equ35){ref-type=""}) and ([2.13](#Equ36){ref-type=""}) that $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} f_{1}(x)&< 4\biggl(x-\frac{1}{6}{x^{3}} \biggr) \biggl(x+\frac{2}{3}{x^{3}}\biggr) \\ &=4{x^{2}}+2{x^{4}}- \frac{4}{9}{x^{6}} \\ &< 4{x^{2}}+2{x^{4}}-\frac{5}{{12}}{x^{6}} \end{aligned}$$ \end{document}$$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x \in (0,1)$\end{document}$. □

Lemma 2.2 {#FPar3}
---------

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}${f_{2}}(x)=3\tan ^{-1}(x)\sin ^{-1}(x)(1+{x^{2}})$\end{document}$, $\documentclass[12pt]{minimal}
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                \begin{document}${f_{3}}(x)=\tanh ^{-1}(x)\sin ^{-1}(x)(1-{x^{2}})$\end{document}$. *Then* $$\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& {f_{2}}(x) > 3{x^{2}} + \frac{5}{2}{x^{4}}+ \frac{1}{12}{x^{6}}, \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& {f_{3}}(x) > {x^{2}} - \frac{1}{2}{x^{4}}- \frac{1}{2}{x^{6}}, \end{aligned}$$ \end{document}$$ *for* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x \in (0,1)$\end{document}$.

Proof {#FPar4}
-----

Noticing that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \sin ^{-1}(x) \bigl(1 + {x^{2}}\bigr) &> \biggl(x + \frac{1}{6}{x^{3}} + \frac{3}{40}{x^{5}} \biggr) \bigl(1 + {x^{2}}\bigr) \\ &= x + \frac{7}{6}{x^{3}} + \frac{29}{120}{x^{5}}+ \frac{3}{40}{x^{7}}, \end{aligned}$$ \end{document}$$ we obtain $$\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} {f_{2}}(x) &= 3\tan ^{-1}(x)\sin ^{ - 1}(x) \bigl(1 + {x^{2}}\bigr) \\ &> 3\tan ^{ - 1}(x) \biggl(x + \frac{7}{6}{x^{3}} + \frac{29}{120}{x^{5}} + \frac{3}{40}{x^{7}}\biggr) \\ &= 3\biggl({x^{2}} + \frac{5}{6}{x^{4}} + \frac{19}{360}{x^{6}} + \frac{107}{1260}{x^{8}} \cdots \biggr) \\ &> 3\biggl({x^{2}} + \frac{5}{6}{x^{4}} + \frac{1}{36}{x^{6}}\biggr)= 3{x^{2}} + \frac{5}{2}{x^{4}} + \frac{1}{12}{x^{6}} \end{aligned}$$ \end{document}$$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x \in (0,1)$\end{document}$. Therefore, ([2.15](#Equ38){ref-type=""}) holds.

By ([2.1](#Equ24){ref-type=""}) and ([2.4](#Equ27){ref-type=""}), we have $$\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} &f_{3}(x) - \biggl(x^{2} - \frac{1}{2}x^{4} - \frac{1}{2}x^{6}\biggr) \\ &\quad > \biggl(x + \frac{1}{3}x^{3}\biggr) \biggl(x + \frac{1}{6}x^{3}\biggr) \bigl(1 - x^{2}\bigr) - \biggl(x^{2} - \frac{1}{2}x^{4} - \frac{1}{2}x^{6}\biggr) \\ &\quad = \frac{1}{{18}}\bigl(x^{6} -x^{8}\bigr) > 0 \end{aligned}$$ \end{document}$$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x \in (0,1)$\end{document}$. Therefore, ([2.16](#Equ39){ref-type=""}) holds. □

Lemma 2.3 {#FPar5}
---------

*If* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x \in (0,1)$\end{document}$, *then one has* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& {\tanh ^{ - 1}}(x)\sqrt{1 - {x^{4}}} < x + \frac{1}{3}{x^{3}} - \frac{3}{{10}}{x^{5}}, \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \sinh ^{ - 1}(x)\sqrt{1 + {x^{2}}} > x + \frac{1}{3}{x^{3}} - \frac{2}{{15}}{x^{5}}. \end{aligned}$$ \end{document}$$

Proof {#FPar6}
-----

Let $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ {g_{1}}(x) = {\tanh ^{ - 1}}(x)\sqrt{1 - {x^{4}}} - \biggl(x + \frac{1}{3}{x^{3}} - \frac{3}{{10}}{x^{5}} \biggr). $$\end{document}$$ It follows that $$\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ {g'_{1}}(x) = \frac{{1 + {x^{2}} - 2{x^{3}}\tanh^{ - 1}(x) - (1 + {x^{2}} - \frac{3}{2}{x^{4}})\sqrt{1 - {x^{4}}} }}{{\sqrt{1 - {x^{4}}} }}. $$\end{document}$$ Notice that $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\sqrt{1 - x} > 1 - \frac{1}{2}x - \frac{1}{2}{x^{2}}$\end{document}$ for $\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$x \in (0,1)$\end{document}$, therefore $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\sqrt{1 - {x^{4}}} > 1 - \frac{1}{2}{x^{4}} - \frac{1}{2}{x^{8}}$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x \in (0,1)$\end{document}$. Considering $\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}${\tanh ^{ - 1}}(x) > x + \frac{1}{3}{x^{3}} + \frac{1}{5}{x^{5}}$\end{document}$ for $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x \in (0,1)$\end{document}$, we have $$\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} &1 + {x^{2}} - 2{x^{3}} {\tanh ^{ - 1}}(x) - \biggl(1 + {x^{2}} - \frac{3}{2}{x^{4}} \biggr)\sqrt{1 - {x^{4}}} \\ &\quad < 1 + {x^{2}} - 2{x^{3}}\biggl(x + \frac{1}{3}{x^{3}} + \frac{1}{5}{x^{5}}\biggr) - \biggl(1 + {x^{2}} - \frac{3}{2}{x^{4}}\biggr) \biggl(1 - \frac{1}{2}{x^{4}} - \frac{1}{2}{x^{8}}\biggr) \\ &\quad = - {x^{6}}\biggl(\frac{1}{6} + \frac{{13}}{{20}}{x^{2}} - \frac{1}{2}{x^{4}} + \frac{3}{4}{x^{6}} \biggr) < 0 \end{aligned}$$ \end{document}$$ for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x \in (0,1)$\end{document}$.

Equation ([2.23](#Equ46){ref-type=""}) and inequality ([2.24](#Equ47){ref-type=""}) lead to $\documentclass[12pt]{minimal}
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                \usepackage{mathrsfs}
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                \begin{document}${g'_{1}}(x) < 0$\end{document}$ for any $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$x \in (0,1)$\end{document}$. Noting that $\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
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                \setlength{\oddsidemargin}{-69pt}
                \begin{document}${g_{1}}(0) = 0$\end{document}$, thus we have $\documentclass[12pt]{minimal}
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}${g_{1}}(x) < 0$\end{document}$ for any $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x \in (0,1)$\end{document}$. Inequality ([2.20](#Equ43){ref-type=""}) is proved.

Let $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ {g_{2}}(x) = \sinh ^{ - 1}(x)\sqrt{1 + {x^{2}}} - \biggl(x + \frac{1}{3}{x^{3}} - \frac{2}{{15}}{x^{5}} \biggr). $$\end{document}$$ Then one has $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ {g'_{2}}(x)=\frac{{(-{x^{2}}+\frac{2}{3}{x^{4}})\sqrt{1+{x^{2}}} + x\sinh^{ - 1}(x)}}{{\sqrt{1 + {x^{2}}} }}. $$\end{document}$$ Because $\documentclass[12pt]{minimal}
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                \begin{document}$\sqrt{1 + {x^{2}}} < 1 + \frac{1}{2}{x^{2}}$\end{document}$ and $\documentclass[12pt]{minimal}
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                \begin{document}$\sinh ^{ - 1}(x) > x - \frac{1}{6}{x^{3}}$\end{document}$ for $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} &\biggl( - {x^{2}} + \frac{2}{3}{x^{4}}\biggr)\sqrt{1 + {x^{2}}} + x\sinh ^{ - 1}(x) \\ &\quad > \biggl( - {x^{2}} + \frac{2}{3}{x^{4}}\biggr) \biggl(1 + \frac{1}{2}{x^{2}}\biggr) + x\biggl(x - \frac{1}{6}{x^{3}}\biggr) \\ &\quad = \frac{1}{3}{x^{6}} > 0 \end{aligned}$$ \end{document}$$ for any $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x \in (0,1)$\end{document}$.

Equation ([2.26](#Equ49){ref-type=""}) and inequality ([2.27](#Equ50){ref-type=""}) lead to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}${g'_{2}}(x) > 0$\end{document}$ for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x \in (0,1)$\end{document}$. Note that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$g_{2}(0) = 0$\end{document}$. So $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}${g_{2}}(x) > 0$\end{document}$ for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x \in (0,1)$\end{document}$. Inequality ([2.21](#Equ44){ref-type=""}) is established. □

Lemma 2.4 {#FPar7}
---------

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}${f_{4}}(x)=3\sinh ^{-1}(x)\tanh ^{-1}(x)\sqrt{1- {x^{4}}}$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}${f_{5}}(x)=2\sin ^{-1}(x)\sinh ^{-1}(x)\sqrt{1+ {x^{2}}}$\end{document}$. *Then* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& {f_{4}}(x) < 3{x^{2}} + \frac{1}{2}{x^{4}} - \frac{3}{5}{x^{6}}, \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& {f_{5}}(x) > 2{x^{2}} + {x^{4}} - \frac{1}{{10}}{x^{6}} \end{aligned}$$ \end{document}$$ *for any* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x \in (0,1)$\end{document}$.

Proof {#FPar8}
-----

Because $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \sinh ^{ - 1}(x) < x - \frac{1}{6}{x^{3}} + \frac{3}{{40}}{x^{5}}, $$\end{document}$$for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x \in (0,1)$\end{document}$, we can get $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \begin{aligned} {f_{4}}(x) &= 3\sinh ^{ - 1}(x){\tanh ^{ - 1}}(x)\sqrt{1 - {x^{4}}} \\ &< 3\biggl(x - \frac{1}{6}{x^{3}} + \frac{3}{{40}}{x^{5}} \biggr) \biggl(x + \frac{1}{3}{x^{3}} - \frac{3}{{10}}{x^{5}} \biggr) \\ &= {x^{2}}\biggl(3 + \frac{1}{2}{x^{2}} - \frac{{101}}{{120}}{x^{4}} + \frac{9}{{40}}{x^{6}} - \frac{{27}}{{400}}{x^{8}}\biggr) \\ &< {x^{2}}\biggl(3 + \frac{1}{2}{x^{2}} - \frac{{101}}{{120}}{x^{4}} + \frac{9}{{40}}{x^{4}}\biggr) \\ &< {x^{2}}\biggl(3 + \frac{1}{2}{x^{2}} - \frac{3}{5}{x^{4}}\biggr)= 3{x^{2}} + \frac{1}{2}{x^{4}} - \frac{3}{5}{x^{6}} \end{aligned} $$\end{document}$$ for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x \in (0,1)$\end{document}$. This is inequality ([2.28](#Equ51){ref-type=""}).

Observe $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\sin ^{ - 1}(x) > x + \frac{1}{6}{x^{3}} + \frac{3}{{40}}{x^{5}}$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x \in (0,1)$\end{document}$. It follows that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \begin{aligned} f_{5}(x) &= 2\sin ^{ - 1}(x)\sinh ^{ - 1}(x)\sqrt{1 + {x^{2}}} \\ &> 2\biggl(x + \frac{1}{6}{x^{3}} + \frac{3}{{40}}{x^{5}} \biggr) \biggl(x + \frac{1}{3}{x^{3}} - \frac{2}{{15}}{x^{5}} \biggr) \\ &= {x^{2}}\biggl(2 + {x^{2}} - \frac{1}{{180}}{x^{4}} + \frac{1}{{180}}{x^{6}} - \frac{1}{{50}}{x^{8}} \biggr) \\ &> {x^{2}}\biggl(2 + {x^{2}} - \frac{1}{{180}}{x^{4}} - \frac{1}{{50}}{x^{8}}\biggr) \\ &> {x^{2}}\biggl(2 + {x^{2}} - \frac{1}{{10}}{x^{4}} \biggr) \end{aligned} $$\end{document}$$ for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x \in (0,1)$\end{document}$. Inequality ([2.29](#Equ52){ref-type=""}) holds. □

Main results {#Sec3}
============

Note that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$L(a,b)$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$P(a,b)$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$T(a,b)$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$M(a,b)$\end{document}$ are symmetric and homogeneous of degree 1. In this section, without loss of generality, we can assume that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$a > b$\end{document}$, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x: = (a - b)/(a + b) \in (0,1)$\end{document}$. We have the following two theorems.

Theorem 3.1 {#FPar9}
-----------

*The inequality* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ P(a,b) > {L^{\alpha }}(a,b){T^{1 - \alpha }}(a,b) $$\end{document}$$ *holds for all* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$a,b > 0$\end{document}$ *with* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$a \ne b$\end{document}$ *if and only if* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\alpha \ge \frac{3}{4}$\end{document}$.

Proof {#FPar10}
-----

Noting that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \frac{P(a,b)}{A(a,b)} = \frac{x}{\sin}^{ - 1}(x),\qquad \frac{T(a,b)}{A(a,b)} = \frac{x}{\tan}^{ - 1}(x),\qquad \frac{L(a,b)}{A(a,b)} = \frac{x}{\tanh}^{ - 1}(x), $$\end{document}$$ we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \frac{{\log [T(a,b)] - \log [P(a,b)]}}{{\log [T(a,b)] - \log [L(a,b)]}} = \frac{{\log [\sin^{ - 1}(x)] - \log [\tan^{ - 1}(x)]}}{{\log [\tanh^{ - 1}(x)] - \log [\tan^{ - 1}(x)]}}. $$\end{document}$$ Direct computations lead to $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \lim_{x \to {0^{+} }} \frac{{\log [\sin^{ - 1}(x)] - \log [\tan^{ - 1}(x)]}}{{\log [\tanh^{ - 1}(x)] - \log [\tan^{ - 1}(x)]}} = \frac{3}{4}. $$\end{document}$$

Next, we take the logarithm of ([3.1](#Equ56){ref-type=""}) and consider the difference between the convex combination of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\log L(a,b),\log P(a,b) $\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\log T(a,b)$\end{document}$ as follows: $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} &\frac{3}{4}\log \bigl[L(a,b)\bigr] + \frac{1}{4}\log \bigl[T(a,b)\bigr] - \log \bigl[P(a,b)\bigr] \\ &\quad = \frac{3}{4}\log \biggl[\frac{{L(a,b)}}{{A(a,b)}}\biggr] + \frac{1}{4} \log \biggl[\frac{{T(a,b)}}{{A(a,b)}}\biggr] - \log \biggl[\frac{{P(a,b)}}{{A(a,b)}}\biggr] \\ & \quad = \frac{3}{4}\log \biggl[\frac{x}{{\tanh^{ - 1}(x)}}\biggr] + \frac{1}{4} \log \biggl[\frac{x}{{\tan^{ - 1}(x)}}\biggr] - \log \biggl[\frac{x}{{\sin^{ - 1}(x)}}\biggr] \\ &\quad = \log \bigl[\sin ^{ - 1}(x)\bigr] - \frac{1}{4}\log \bigl[{ \tan ^{ - 1}}(x)\bigr] - \frac{3}{4}\log \bigl[{\tanh ^{ - 1}}(x)\bigr] \\ &\quad : = {D_{\frac{3}{4}}}(x). \end{aligned}$$ \end{document}$$ It follows that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} &{D_{\frac{3}{4}}}\bigl({0^{+} }\bigr) = 0, \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} &{D'_{\frac{3}{4}}}(x) = \frac{{{f_{1}}(x) - {f_{2}}(x) - {f_{3}}(x)}}{{4\sin^{ - 1}(x)\tan^{ - 1}(x)\tanh^{ - 1}(x)(1 - {x^{2}})(1 + {x^{2}})}}, \end{aligned}$$ \end{document}$$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}${f_{1}}(x)$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}${f_{2}}(x)$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}${f_{3}}(x)$\end{document}$ are defined as in Lemmas [2.1](#FPar1){ref-type="sec"} and [2.2](#FPar3){ref-type="sec"}, respectively. Thus, from Lemmas [2.1](#FPar1){ref-type="sec"} and [2.2](#FPar3){ref-type="sec"} one deduces that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} &f_{1}(x) - {f_{2}}(x) - {f_{3}}(x)< 4{x^{2}} + 2{x^{4}} - \frac{5}{{12}}{x^{6}} - \biggl(3{x^{2}} + \frac{5}{2}{x^{4}} + \frac{1}{12}{x^{6}}\biggr) - \biggl({x^{2}} - \frac{1}{2}{x^{4}} - \frac{1}{2}{x^{6}}\biggr) \\ &\quad =0. \end{aligned}$$ \end{document}$$ Therefore, it follows from ([3.6](#Equ61){ref-type=""})--([3.8](#Equ63){ref-type=""}) that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ {D_{\frac{3}{4}}}(x) < 0 $$\end{document}$$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x \in (0,1)$\end{document}$.

According to ([3.5](#Equ60){ref-type=""}) and ([3.9](#Equ64){ref-type=""}), we conclude that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$P(a,b) > {L^{\frac{3}{4}}}(a,b){T^{\frac{1}{4}}}(a,b)$\end{document}$ for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$a,b > 0$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$a \ne b$\end{document}$. Considering $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$L(a,b)< P(a,b)< T(a,b)$\end{document}$ holds for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$a,b > 0$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$a \ne b$\end{document}$, we can see that ([3.1](#Equ56){ref-type=""}) holds for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$a,b > 0$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$a \ne b$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\alpha \ge \frac{3}{4}$\end{document}$.

If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\alpha < \frac{3}{4}$\end{document}$, then Eqs. ([3.3](#Equ58){ref-type=""}) and ([3.4](#Equ59){ref-type=""}) imply that there exists $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0 < {\sigma _{1}} < 1$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$P(a,b) < {L^{\alpha }}(a,b){T^{1 - \alpha }}(a,b)$\end{document}$ for all *a*, *b* with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(a - b)/(a + b) \in (0,{\sigma _{1}})$\end{document}$. The proof is completed. □

Theorem 3.2 {#FPar11}
-----------

*The inequality* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ P(a,b) > {L^{\beta }}(a,b){M^{1 - \beta }}(a,b) $$\end{document}$$ *holds for all* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$a,b > 0$\end{document}$ *with* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$a \ne b$\end{document}$ *if and only if* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\beta \ge \frac{2}{3}$\end{document}$.

Proof {#FPar12}
-----

Noting that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \frac{{P(a,b)}}{{A(a,b)}} = \frac{x}{{\sin^{ - 1}(x)}},\qquad \frac{{M(a,b)}}{{A(a,b)}} = \frac{x}{{\sinh^{ - 1}(x)}},\qquad \frac{{L(a,b)}}{{A(a,b)}} = \frac{x}{{\tanh^{ - 1}(x)}}, \end{aligned}$$ \end{document}$$ we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \frac{{\log [M(a,b)] - \log [P(a,b)]}}{{\log [M(a,b)] - \log [L(a,b)]}} = \frac{{\log [\sin^{ - 1}(x)] - \log [\sinh^{ - 1}(x)]}}{{\log [\tanh^{ - 1}(x)] - \log [\sinh^{ - 1}(x)]}}. $$\end{document}$$ Direct computations lead to $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \lim_{x \to {0^{+} }} \frac{{\log [\sin^{ - 1}(x)] - \log [\sinh^{ - 1}(x)]}}{{\log [\tanh^{ - 1}(x)] - \log [\sinh^{ - 1}(x)]}} = \frac{2}{3}. $$\end{document}$$

Let $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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Conclusion {#Sec4}
==========

In the article, we give the best possible bounds for the first Seiffert mean in terms of the geometric combination of logarithmic and the Neuman--Sándor means, and in terms of the geometric combination of logarithmic and the second Seiffert means.
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